Using invariant sets of descending flow and variational methods, we establish some sufficient conditions on the existence of sign-changing solutions, positive solutions and negative solutions for second-order nonlinear difference equations with Dirichlet boundary value problem. Some results in the literature are improved.
Introduction
Let N, Z and R denote sets of all natural numbers, integers and real numbers, respectively. We consider the existence of sign-changing solutions, positive solutions and negative solutions for the following second-order nonlinear difference equation with Dirichlet boundary value problem (BVP for short) ( ) ( ) ( ) ( )
( ) ( ) (
[ ] ( ) ( ) (
In this paper, our purpose is to establish some sufficient conditions for the existence of solutions for (1.1). First, we will construct a functional I such that solutions of (1.1) correspond to critical points of I. Then, by using invariant sets of descending flow and Mountain pass lemma, we obtain sign-changing solutions, negative solutions and positive solutions for (1.1). 
Preliminaries and Main Results

Given
In the following, we first consider the linear eigenvalue problem corresponding to (1.1)
By direct computation, we get eigenvalues of (2.3) as
It is not hard to know that (2.5) and the system of linear algebra equations ( )
A mI x h + = are equivalent, then the unique solution of (2.5) can be expressed by
On the other side, we have
, 0 1, , , 0 1, 
Using initial conditions, we find 
1 .
Hence, we achieve the unique solution of (2.5) 
Proof. For any , x y H ∈ , using the mean value theorem, it follows
As f is continuous in x, we find ( )
, ,
thus we can immediately conclude that I is Frechet differentiable on H and ( )
On the other side, for all 
Remark 2.3 According to Lemma 2.2 and Remark 2.2, we find that critical points of I defined on H are precisely solutions of (1.1).
Now, we give some necessary lemmas and definitions. Throughout this paper, we assume that
At last, we state our main results as following.
Theorem 2.1 Suppose (J 1 ) and (J 2 ) and 2 r λ > . Then one has the following.
+∞ is not an eigenvalue of (2.3), then (1.1) has at least three nontrivial solutions, one sign-changing, one positive and one negative.
(ii) If r is an eigenvalue of (2.3) and (J 3 ) holds, then the conclusion of (i) is true.
The or em 2. 2 I f ( )
. Then (1.1) has at least two nontrivial solutions, one negative and one positive.
From Theorem 2.2, we can get
(1.1) has at least a negative solution.
(ii) If
(1.1) has at least a positive solution.
Our results improve previous work in the following way:
( 
Existence of Sign-Changing Solutions of (1.1)
In this section, we shall make use of Lemma 2.4 to complete the proof of Theo- (ii) suppose r < +∞ is not an eigenvalue of (2.3). We are now ready to prove that { } 
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Lemma 3.2 I satisfies (C) condition under (J 3 ).
Proof . First assume (J 3 ) (i) be satisfied. There exists 
and there has a positive constant
which contradicts to (3.2). Then I satisfies (C) condition. When (J 3 ) (ii) holds, we can prove I satisfies (C) condition in a similar way.
Then Lemma 3.2 is verified. Making use of (3.4)-(3.6), we get corresponding to a positive solution (a negative solution) of (1.1). The proof of (i) is completed. Notice Lemma 3.2 and Remark 2.4, the proof of (ii) is analogous to (i) and we omit it.
Existence of Positive Solutions of (1.1)
In this section, we are now ready to prove existence of positive solutions of (1.1) using Lemma 2. Then we can choose a positive constant 2 C such that Consequently, 0 µ
. Therefore, µ is a positive solution of (1.1).
In a similar way as above, if we consider the case of I − , a negative solution can be obtained. Then the proof of Theorem 2.2 is finished.
Applications
To illustrate Theorem 2.1 and Theorem 2.2, we will give two examples. 
By direct calculation, we get In the case of 2 T = , because of 2 π 4sin 1 6 a < = , we can choose 1 2 a = . After direct computation, we get that 2 2 0, , , 
Conclusion
In this manuscript, some sufficient conditions on the existence of sign-changing solutions, positive solutions and negative solutions for a class of second-order nonlinear difference equations were established with Dirichlet boundary value problem by using invariant sets of descending flow and variational methods. Our results improve some existed ones in some literatures, because we not only establish some sufficient conditions on the existence of sign-changing solutions, but also we allow the nonlinearity f to dissatisfy Ambrosett-Rabinowitz type condition or locally Lipschitz continuity and to change sign.
